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Candidates may use any calculator allowed by the regulations of the Joint 

Council for Qualifications. Calculators must not have the facility for symbolic 

algebra manipulation or symbolic differentiation/integration, or have 

retrievable mathematical formulae stored in them. 
 

 

Instructions to Candidates 

In the boxes above, write your centre number, candidate number, your surname, initials and signature. 

Check that you have the correct question paper. 

Answer ALL the questions. 

You must write your answer for each question in the space following the question. 

When a calculator is used, the answer should be given to an appropriate degree of accuracy. 
 
Information for Candidates 

A booklet ‘Mathematical Formulae and Statistical Tables’ is provided. 

Full marks may be obtained for answers to ALL questions. 

The marks for the parts of questions are shown in round brackets, e.g. (2). 

There are 8 questions in this question paper. The total mark for this paper is 75. 

There are 28 pages in this question paper. Any blank pages are indicated. 
 
Advice to Candidates 

You must ensure that your answers to parts of questions are clearly labelled. 

You must show sufficient working to make your methods clear to the Examiner.  

Answers without working may not gain full credit. 
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1. (a) Express 
2

(2 1)(2 3)r r 
 in partial fractions. 

(2) 

(b) Using your answer to (a), find, in terms of n, 

 

1

3

(2 1)(2 3)

n

r
r r


   

 

Give your answer as a single fraction in its simplest form. 

(3) 

 

 

2.  z = 5√3 – 5i 

 

Find 

 

(a) |z|, 

(1) 

(b) arg(z), in terms of π. 

(2) 

 

2 cos isin
4 4

w
  

  
 

 

 

Find 

 

(c) 
w

z
, 

(1) 

(d) arg 
w

z
, in terms of π. 

(2) 

 

 

3.  
2

2

d
4 sin 0

d

y
y x

x
    

 

Given that y = 
1

2
 and 

d 1

d 8

y

x
  at x = 0, 

find a series expansion for y in terms of x, up to and including the term in x
3
. 

(5) 
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4. (a) Given that 

z = r(cos θ + i sin θ), r R  

 

prove, by induction, that z
n
 = r

n
(cos nθ + i sin nθ), n Z . 

(5) 

 

3 3
3 cos isin

4 4
w

  
  

 
 

 

(b) Find the exact value of w
5
, giving your answer in the form a + ib, where a, b R . 

(2) 

 

 

5. (a)  Find the general solution of the differential equation 

 

2d
2 4

d

y
x y x

x
   

(5) 

(b)  Find the particular solution for which y = 5 at x = 1, giving your answer in the form  

y = f(x). 

(2) 

(c) (i) Find the exact values of the coordinates of the turning points of the curve with 

equation y = f(x), making your method clear. 

 

 (ii) Sketch the curve with equation y = f(x), showing the coordinates of the turning 

points. 

(5) 
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6. (a)  Use algebra to find the exact solutions of the equation 

 

|2x
2
 + 6x – 5| = 5 – 2x 

(6) 

(b)  On the same diagram, sketch the curve with equation y = |2x
2
 + 6x – 5| and the line with 

equation y = 5 – 2x, showing the x-coordinates of the points where the line crosses the 

curve. 

(3) 

(c) Find the set of values of x for which 

 

|2x
2
 + 6x – 5| > 5 – 2x 

(3) 

 

 

7. (a)  Show that the transformation y = xv transforms the equation 

 

 
2

2 2 4

2

d d
4 8 (8 4 )

dd

y y
x x x y x

xx
     (I) 

 

into the equation 

 

 
2

2

d
4 4

d

v
v x

x
   (II) 

(6) 

(b)  Solve the differential equation (II) to find v as a function of x. 

(6) 

(c) Hence state the general solution of the differential equation (I). 

(1) 
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8.  

 
Figure 1 

 

Figure 1 shows a curve C with polar equation sin2r a  , 0 ≤ θ ≤ 
2


, and a half-line l. 

 

The half-line l meets C at the pole O and at the point P. The tangent to C at P is parallel to the 

initial line. The polar coordinates of P are (R, φ). 

 

(a) Show that cos φ = 
1

3
. 

(6) 

(b) Find the exact value of R. 

(2) 

 

The region S, shown shaded in Figure 1, is bounded by C and l. 

 

(c) Use calculus to show that the exact area of S is 

 

21 1
9arccos 2

36 3
a
  

   
  

 

(7) 

 

 

 

TOTAL FOR PAPER: 75 MARKS 

 

 

END 



Question 
Number Scheme Marks    

   
1.   

(a) ( )( )
2 1 1,

2 1 2 3 2 1 2 3 2 1 2 3
A B

r r r r r r
= + = −

+ + + + + +
 M1,A1        

(2) 
   

(b) 
1 1 1 1 1 1....
3 5 5 7 2 1 2 3n n
− + − + −

+ +
  

   

 ( )
1 1 2 3 3
3 2 3 3 2 3

n
n n

+ −
= − =

+ +
 M1 

   

 ( )( ) ( )1

3 3 2
2 1 2 3 2 3 2 3 2 3

n n n
r r n n

= × =
+ + + +∑  M1depA1        

(3) 
                   [5] 
   

Notes for Question 1
(a) 
M1 for any valid attempt to obtain the PFs 
 

A1 for 
1 1

2 1 2 3r r
−

+ +
 

 
NB  With no working shown award M1A1 if the correct PFs are written down, but M0A0 if either 

one is incorrect 
(b) 

M1 for using their PFs to split each of the terms of the sum or of 
( )( )

2
2 1 2 3r r+ +∑  into 2 PFs. 

At least 2 terms at the start and 1 at the end needed to show the diagonal cancellation resulting 
in two remaining terms. 

 
M1dep  for simplifying to a single fraction and multiplying it by the appropriate constant 

A1cao   for 
2 3

n
n

=
+∑   

 
NB: If r is used instead of n (including for the answer), only M marks are available. 
 



Question 
Number Scheme Marks    

2   
(a) ( )5 3 5i cos isinz r θ θ= − = +√   

   
 ( )2 25 3 5 10r = × + =√  B1            (1) 
   

(b) arg 5arctan or 2
5 3 6 6

z nπ π π⎛ ⎞ ⎛ ⎞= − = − − ±⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠√

 M1A1       (2) 

   

(c) 
2 1 or 0.2

10 5
w
z
= =  B1             (1) 

   

(d) 
5arg ,

4 6 12
w
z

π π π⎛ ⎞ ⎛ ⎞= − − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

       5or 2
12

nπ π⎛ ⎞±⎜ ⎟
⎝ ⎠

 M1,A1       (2)

                    [6] 
   
   



Notes for Question 2
(a) 
B1 for 10z =     no working needed 
 
(b) 

M1 for 5arg arctan
5 3

z ⎛ ⎞= ±⎜ ⎟
⎝ ⎠√

, ( ) 5tan arg
5 3

z = ± , 5 3arg arctan
5

z
⎛ ⎞

= ±⎜ ⎟
⎝ ⎠

√  or 

( ) 5 3tan arg
5

z = ±     OR  use their z  with sin   or  cos used correctly 

A1 for or 2
6 6

nπ π π⎛ ⎞= − − ±⎜ ⎟
⎝ ⎠

    (must be 4th quadrant) 

 
(c) 

B1 for 2 1 or  or 0.2
10 5

w
z
=   

 
(d) 

M1 for arg arg
4

w z
z

π⎛ ⎞ = −⎜ ⎟
⎝ ⎠

  using their arg z 

 

A1 for 5
12
π      5or 2

12
nπ π⎛ ⎞±⎜ ⎟

⎝ ⎠
 

 
Alternative for (d): 

Find 
( ) ( )6 2 6 2 i

20
w
z

− + +
=  

 
6 2tan arg
6 2

w
z

+⎛ ⎞ =⎜ ⎟ −⎝ ⎠
   M1  from their w

z
 

 

arg 5
12

w
z

π⎛ ⎞ =⎜ ⎟
⎝ ⎠

     A1 cao 

 
Work for (c) and (d) may be seen together – give B and A marks only if modulus and argument are 

clearly identified 

ie  1 5 5cos i sin
5 12 12

π π⎛ ⎞+⎜ ⎟
⎝ ⎠

 alone scores B0M1A0 

 



Question 
Number Scheme Marks    

3 ( )
2

2

d 10 sin 0 4 2
d 2

yx
x

= = − × = −  B1 

   

 ( )
3

3

d d4 cos 0
d d

y y x
x x

+ − =  M1 

   

 ( )
3

3

d 1 10 cos 0 4
d 8 2

yx
x

= = − × =  A1 

   

 ( )
2 2 3 3

0 2 3
0 0 0

d d d ....
d 2! d 3! d
y x y x yy y x
x x x

⎛ ⎞ ⎛ ⎞⎛ ⎞= + + + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 M1 (2! or 2 
and 3! or 6) 

   

 ( ) ( )
2 31 1 12

2 8 2 6 2
x xy x= + × + × − + ×   

   

 
3

21
2 8 12

x xy x= + − +  A1 cao      [5] 

   
 Alt:  

 2 31 ...
2 8

xy ax bx= + + + +  B1 

   

 2 6 ...y a bx′′ = + +  
M1 
Diff twice 
 

   

 2 312 6 ... sin ...
2 8

xa bx x ax bx⎛ ⎞+ + = − + + +⎜ ⎟
⎝ ⎠

 
A1 Correct 
differentiation 
and equation 
used 

   
 2 2 0 1a a+ = = −  M1 
   

 
1 16 1
2 12

b b+ = =   

   

 
3

21
2 8 12

x xy x= + − +  A1cao 

   
   



Notes for Question 3

B1 for  
2

2
0

d 2
d

y
x

⎛ ⎞
= −⎜ ⎟

⎝ ⎠
 wherever seen 

 

M1 for attempting the differentiation of the given equation. To obtain ( )
3

3

d d cos 0
d d

y yk x
x x

± ± =   oe 

 

A1 for substituting 0x =  to obtain 
3

3
0

d 1
d 2

y
x

⎛ ⎞
=⎜ ⎟

⎝ ⎠
  

M1 for using the expansion ( ) ( ) ( ) ( ) ( ) ( )
2 3

f f 0 f 0 f 0 f 0
2 ! 3!
x xy x x ′ ′′ ′′′= = + + +⎡ ⎤⎣ ⎦  with their values 

for 
3 2

3 2

d d and 
d d

y y
x x

. Factorial can be omitted in the x2 term but must be shown explicitly in the 

x3 term or implied by further working eg using 6. 
 

A1cao   for 
3

21
2 8 12

x xy x= + − +    (Ignore any higher powers included) Exact decimals 

allowed. Must include y =…. 
 
 
Alternative: 

B1 for 2 31 ...
2 8

xy ax bx= + + + +   

 
M1 for differentiating this twice to get 2 6 ....y a bx′′ = + +  (may not be completely correct) 
 
A1 for correct differentiation and using the given equation and the expansion of  

sin x to get 
3 12 6 .... ... 4 ...

3 2 8
x xa bx x

⎛ ⎞ ⎛ ⎞+ + = − + − + +⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

   

 
M1 for equating coefficients to obtain a value for a or b 
 

A1 cao    for 
3

21
2 8 12

x xy x= + − +  (Ignore any higher powers included) 

 



Question 
Number Scheme Marks    

4   
(a) Assume true for n k= :    ( )cos isink kz r k kθ θ= +   

   
 1n k= + :    ( ) ( ) ( )1 cos isin cos isink k kz z z r k k rθ θ θ θ+ = × = + × +  M1 
   
 ( )( )1 cos cos sin sin i sin cos cos sinkr k k k kθ θ θ θ θ θ θ θ+= − + +  M1 
   
 ( ) ( )( )1 cos 1 isin 1kr k kθ θ+= + + +  M1depA1cso 
   
 ∴  if true for n k= ,        also true for 1n k= +   
   
 1k =     ( )1 1 cos isinz r θ θ= + ;     True for 1n =      ∴  true for all n A1cso        (5) 

 

 
 
Alternative:     See notes for use of ier θ  form 
 

 

(b) 
3 33 cos i sin
4 4

w π π⎛ ⎞= +⎜ ⎟
⎝ ⎠

  

   

 5 5 15 153 cos isin
4 4

w π π⎛ ⎞= +⎜ ⎟
⎝ ⎠

 M1 

   

 5 1 1 243 2 243 2243 i i    or
2 2 2 2

w
⎡ ⎤⎛ ⎞= − = −⎢ ⎥⎜ ⎟

⎝ ⎠ ⎣ ⎦

√ √
√ √

    oe A1           (2) 

                   [7] 
   



Notes for Question 4
(a) 
NB:  Allow each mark if n, n + 1 used instead of k, k + 1 
 
M1 for  using the result for n k=  to write ( ) ( ) ( )1 cos i sin cos isink k kz z z r k k rθ θ θ θ+ = × = + × +     
 
M1 for multiplying out and collecting real and imaginary parts, using 2i 1= −  

OR  using sum of arguments and product of moduli to get ( ) ( )( )1 cos i sinkr k kθ θ θ θ+ + + +  
 

M1dep      for using the addition formulae to obtain single cos and sin terms 
 OR  factorise the argument ( ) ( )( )1 cos 1 isin 1kr k kθ θ+ + + +  

Dependent on the second M mark. 
A1cso   for ( ) ( )( )1 cos 1 i sin 1kr k kθ θ+ + + +     Only give this mark if all previous steps are 

fully correct. 
 
A1cso     All 5 underlined statements must be seen 
 
 
 
Alternative:   Using Euler's form  
 

( ) icos sin ez r i r θθ θ= + =  M1   May not be seen explicitly 

( )1 i i i ie e e e
kk k k kz z z r r r rθ θ θ θ+ = × = × = ×

 

M1 

( )i 11 e kkr θ++=  M1dep on 2nd M mark 

( ) ( )( )1 cos 1 isin 1kr k kθ θ+= + + +  A1cso 

( )1 11 cos i sink z r θ θ= = +   

True for 1n = ∴true for all n etc A1  cso     All 5 underlined statements must be 
seen   

 
 
 
 
(b) 
M1 for attempting to apply de Moivre to w or attempting to expand 5w  and collecting real and 

imaginary parts, but no need to simplify these. 
 

A1cao  for 1 1 243 2 243 2243 i i 
2 2 2 2

⎡ ⎤⎛ ⎞− = −⎢ ⎥⎜ ⎟
⎝ ⎠ ⎣ ⎦

√ √
√ √

   (oe  eg 53  instead of 243) 

 



Question 
Number Scheme Marks    

5   

(a) 
d 2 4
d
y y x
x x
+ =  M1 

   

 I F:   ( )
2 d 2ln 2e e

x xx x∫ = =  M1 

   

 2 3d 2 4
d
yx xy x
x
+ =  M1dep 

   
 ( )2 3 44 dyx x x x c= = +∫  M1dep 
   

 2
2

cy x
x

= +  A1cso        (5) 

   
(b) 1, 5 4x y c= = ⇒ =  M1 

   

 2
2

4y x
x

= +  A1ft          (2) 

   

(c) 3

d 82
d
y x
x x
= −   

   

 4d 0 4 , 2
d
y x x
x
= = = ±    or 4 4±  M1,A1 

   

 
42 4
2

y = + =  A1cao             

 Alt:  Complete square on y = ...   or use the original differential 
equation 

M1 

   
 2, 4x y= ± = A1,A1 

 

 

B1  shape 
 
B1 turning 
points shown 
somewhere 
                 (5) 
 
 
               [12] 

( )2,4−  ( )2,4



 

Notes for Question 5
(a) 
M1 for dividing the given equation by x  May be implied by subsequent work. 

M1 for IF= ( )
2d 2ln 2e e

x xx x∫ = =   2 dx
x∫   must be seen together with an attempt at integrating this. 

ln x must be seen in the integrated function. 

M1dep     for multiplying the equation d 2 4
d
y y x
x x
+ =   by their IF  dep on 2nd M mark 

 
M1dep     for attempting the integration of the resulting equation - constant not needed. Dep on 2nd 

and 3rd M marks 

A1cso  for 2
2

cy x
x

= +  oe   eg  2 4yx x c= +  

Alternative: for first three marks: Multiply given equation by x to get straight to the third line. All 3 
M marks should be given. 

 
(b) 
M1 for using 1, 5x y= =  in their expression for y to obtain a value for c 
 

A1ft  for 2
2

4y x
x

= +     follow through their result from (a) 

 
(c) 
M1 for differentiating their result from (b), equating to 0 and solving for x 
A1 for  2x = ±     (no follow through)   or  4 4±  No extra real values allowed but ignore any 

imaginary roots shown. 
 
A1cao   for using the particular solution to obtain 4y = . No extra values allowed. 
 
Alternatives for these 3 marks: 

M1 for making d 0
d
y
x
=  in the given differential equation to get 22y x=  and using this with their 

particular solution to obtain an equation in one variable 

 OR   complete the square on their particular solution to get 
22 4y x

x
⎛ ⎞= + −⎜ ⎟
⎝ ⎠

 

A1 for  2x = ±     (no follow through) 
 
A1cao   for 4y =   No extra values allowed 
 
 
B1 for the correct shape - must have two minimum points and two branches, both asymptotic to 

the y-axis 
 
B1 for a fully correct sketch with the coordinates of the minimum points shown somewhere on or 

beside the sketch. Decimals accepted here. 
 



Question 
Number Scheme Marks    

6   
(a) 22 6 5 5 2x x x+ − = −  M1 

   
 22 8 10 0x x+ − =       
   
 2 4 5 0x x+ − =   
   
 ( )( )5 1 0   or by formulax x+ − =  M1 
   
 5, 1x x= − =  A1 
   
 22 6 5 5 2x x x− − + = −  M1 
   
 22 4 0x x+ =  A1 
   
 0 2x x= = −  A1      (6) 
   

(b) 

 B1 line 
 
B1 quad 
curve 
 
B1ft (on x-
coords from 
(a))        (3) 
 
 
 
 
 

                     -5                              -2          O                                1         x  
   
   

(c) 5, 2 0, 1x x x< − − < < >  B1,B1,B1  (3) 
   
 Special case:    Deduct the last B mark earned1 if  or   used                 [12] 
   
   
   
   
   
   
   
   
   



Notes for Question 6
(a)NB: Marks for (a) can only be awarded for work shown in (a):  
M1 for 22 6 5 5 2x x x+ − = −   
 
M1 for obtaining a 3 term quadratic and attempting to solve by factorising, formula or completing 

the square  
 
A1 for 5, 1x x= − =   
 
M1 for considering the part of the quadratic that needs to be reflected ie for 22 6 5 5 2x x x− − + = −    

oe 
A1 for a correct 2 term quadratic, terms in any order   22 4 0x x+ =   oe 
 
A1 for 0 2x x= = −   
 
NB: The question demands that algebra is used, so solutions which do not show how the roots have 

been obtained will score very few if any marks, depending on what is written on the page. 
 
Alternative:  Squaring both sides: 
M1 Square both sides and simplify to a quartic expression 
M1 Take out the common factor x 
A1 x, a correct linear factor and a correct quadratic factor 
M1 x and 3 linear factors 
A1 any two of the required values 
A1 all 4 values correct 
 
(b) 
B1 for a line drawn, with negative gradient, crossing the positive y-axis  
 
B1 for the quadratic curve, with part reflected and the correct shape. It should cross the y-axis at 

the same point as the line and be pointed where it meets the x-axis (ie not U-shaped like a 
turning point) 

 
B1ft   for showing the x coordinates of the points where the line crosses the curve. They can be 

shown on the x-axis as in the MS (accept O for 0) or written alongside the points as long as it 
is clear the numbers are the x coordinates  
The line should cross the curve at all the crossing points found and no others for this mark to 
be given. 

 
(c)NB:  No follow through for these marks 
B1 for any one of 5, 2 0, 1x x x< − − < < >   correct 
 
B1 for a second one of these correct 
 
B1 for the third one correct 
 
Special case: if   or   is used, deduct the last B mark earned. 
 



Question 
Number Scheme Marks    

7   

(a) 
d d
d d
y vv x
x x
= +  M1 

   

 
2 2

2 2

d d d d
d d d d

y v v vx
x x x x

= + +  M1A1 

   

 ( )
2

2 2 4
2

d d d4 2 8 8 4
d d d

v v vx x x v x x xv x
x x x

⎛ ⎞ ⎛ ⎞+ − + + + × =⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

 M1 

   

 
2

3 3 4
2

d4 4
d

vx x v x
x
+ =  M1 

   

 
2

2

d4 4
d

v v x
x

+ =    * A1           (6) 

   

 See end for an alternative for (a) 
  

(b) 24 4 0λ + =   
   
 2 1λ = −   oe M1A1 
   
 ( ) cos sinv C x D x= +         ( )( )i ior  e ex xv A B −= +      A1 
   
 P.I:    Try   ( )v kx l= +   
   

 
2

2

d d 0
d d
v vk
x x
= =  M1 

   
 ( )( )4 0 4 kx l x× + + =  M1dep 
   

 ( )1 0
4

k l= =   

   

 
1cos sin
4

v C x D x x= + +     i i 1or  e e
4

x xv A B x−⎛ ⎞= + +⎜ ⎟
⎝ ⎠

  A1           (6) 

   

(c) 
1cos sin
4

y x C x D x x⎛ ⎞= + +⎜ ⎟
⎝ ⎠      

i i 1or   e e
4

x xy x A B x−⎛ ⎞⎛ ⎞= + +⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 B1ft         (1) 

   
   



Question 7 continued
 Alternative for (a):  

 
yv
x

=   

   

 2

d d 1 1
d d
v y y
x x x x
= × − ×  M1 

   

 
2 2

2 2 2 2 3

d d 1 d 1 d 1 12
d d d d

v y y y y
x x x x x x x x

= × − × − × + ×  M1A1 

   

 
2 2

3 2
2 2

d d d2 2
d d d

v y yx x x y
x x x

= − +  M1 

   

 
2 2

3 3 2 2 4
2 2

d d d4 4 4 8 8 4
d d d

v y yx x v x x y x y x
x x x

+ = − + + =  M1 

   

 
2

2

d4 4
d

v v x
x

+ =   * A1 

   



Notes for Question 7
(a) 

M1 for attempting to differentiate y xv=   to get d
d
y
x

 -  product rule must be used 

M1 for differentiating their d
d
y
x

 to obtain an expression for 
2

2

d
d

y
x

   -  product rule must be used  

 

A1 for 
2 2

2 2

d d d d
d d d d

y v v vx
x x x x

= + +   

 

M1 for substituting their 
2

2

d d and 
d d
y y
x x

 and y xv=  in the original equation to obtain a differential 

equation in v and x 
 
M1 for collecting the terms to have at most a 4 term equation  - 4 terms only if a previous error 

causes d
d
v
x

 to be included, otherwise 3 terms 

A1cao and cso  for  
2

2

d4 4
d

v v x
x

+ =    * 

 
Alternative:  (see end of mark scheme) 

M1 for writing yv
x

=   and attempting to differentiate by quotient or product rule to get d
d
v
x

 

 

M1 for differentiating their d
d
v
x

 to obtain an expression for 
2

2

d
d

v
x

   -  product or quotient rule must 

be used  
 

A1 for 
2 2

2 2 2 2 3

d d 1 d 1 d 1 12
d d d d

v y y y y
x x x x x x x x

= × − × − × + ×   

 

M1 for multiplying their 
2

2

d
d

v
x

 by x3 

 
M1 for multiplying by 4 and adding  24x y  to each side and equating to x4 (as rhs is now identical 

to the original equation.  
 

A1cao and cso  for  
2

2

d4 4
d

v v x
x

+ =    * 

(b) 
M1 for forming the auxiliary equation and attempting to solve  
 
A1  for 2 1λ = −    oe   
A1 for the complementary function in either form. Award for a correct CF even if iλ =  only is 

shown. 
 



 

Notes for Question 7 continued 

M1 for trying one of , 1v kx k= ≠  or v kx l= +  and 2v mx kx l= + +  as a PI and obtaining 
2

2

d d  and  
d d

v v
x x

 

 

M1dep     for substituting their differentials in the equation 
2

2

d4 4
d

v v x
x

+ =  . Award M0 if the 

original equation is used. Dep on 2nd M mark of (b) 
 
A1cao   for obtaining the correct result (either form) 
(c) 

B1ft  for reversing the substitution to get 1cos sin
4

y x C x D x x⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 

i i 1or   e e
4

x xy x A B x−⎛ ⎞⎛ ⎞= + +⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
   follow through their answer to (b) 

 
  



 

Question 
Number Scheme Marks    

8 (a) ( ) sin sin 2 siny r aθ θ θ= =  M1 
   

 ( )d 2cos 2 sin sin 2 cos
d

y a θ θ θ θ
θ

⎛ ⎞= +⎜ ⎟
⎝ ⎠

 M1depA1 

   

 ( )2d 2 sin cos 2 cos
d

y a θ θ θ
θ

⎛ ⎞= +⎜ ⎟
⎝ ⎠

 M1 

   

 At P  ( ) 2 2d 0 sin 0 n/a  or 2cos 1 cos 0
d

y θ θ θ
θ
= ⇒ = − + =  M1  sin 0θ =  

not needed 
 23cos 1θ =   

 
1cos

3
θ =

√
     * A1cso   

 
               (6) 

   
(b) sin 2 2 sin cosr a aθ θ θ= =   

   

 1 1 22 1 2
3 3 3

r a a⎛ ⎞= − =⎜ ⎟
⎝ ⎠

 M1A1      (2) 

   

(c) Area = 2 2 2

0 0

1 1d sin 2 d
2 2

r a
φ φ

θ θ θ=∫ ∫  M1 

   

 ( )2

0

1 1 1 cos 4 d
2 2

a
φ

θ θ= −∫  M1 

   

 2

0

1 1 sin 4
4 4

a
φ

θ θ⎡ ⎤= −⎢ ⎥⎣ ⎦
 M1A1 

   

 ( )( )2 21 1 4sin cos 2cos 1
4 4

a φ φ φ φ⎡ ⎤= − −⎢ ⎥⎣ ⎦  M1dep on 2nd 
M mark 

   

 21 1 2 1 2arccos 1
4 3 3 33

a
⎡ ⎤⎛ ⎞⎛ ⎞ ⎛ ⎞= − × × −⎢ ⎥⎜ ⎟⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠⎢ ⎥⎝ ⎠⎣ ⎦

 M1 dep (all 
Ms) 

   

 21 19arccos 2
36 3

a
⎡ ⎤⎛ ⎞ +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
    * A1          (7) 

  [15]



Notes for Question 8
    (a) 
M1 for obtaining the y coordinate sin sin 2 siny r aθ θ θ= =   

M1dep  for attempting the differentiation to obtain d
d

y
θ

  Product rule and/or chain rule must 

be used; sin to become cos±  ( cos to become sin± ). The 2 may be omitted. Dependent on the 
first M mark. 

A1 for correct differentiation   eg  ( )d 2cos 2 sin sin 2 cos
d

y a θ θ θ θ
θ
= +      oe 

M1 for using sin 2 2sin cosθ θ θ=  anywhere in their solution to (a) 

M1 for setting d 0
d

y
θ
=  and  getting a quadratic factor with no 2sin θ  included. 

Alternative: Obtain a quadratic in sinθ  or tanθ  and complete to cosθ  = later. 

A1cso   for  1cos
3

θ =
√

 or 1cos
3

φ =
√

 *    

 
Question 8 (a)  Variations you may see: 
y = rsinθ = asin2θsinθ  

y = asin2θsinθ y = 2asin2θcosθ y = 2a(cosθ – cos3θ) 
 
dy/dθ = a(2cos2θsinθ + sin2θcosθ) 
            = a(2cos2θsinθ + 2sinθcos2θ) 
            = 2asinθ(cos2θ + cos2θ) 
           = 2asinθ(3cos2θ -1) 
   or    = 2asinθ(2cos2θ – sin2θ) 
   or     = 2asinθ(2 – 3sin2θ) 

 
dy/dθ = 2a(2sinθcos2θ – 
sin3θ) 
           = 2asinθ(2cos2θ – 
sin2θ) 
  

 
dy/dθ = 2a(-sinθ +3sinθcos2θ) 
           = 2asinθ(3cos2θ -1) 

 

At P: dy/dθ = 0 => sin θ = 0  or: 

 
2cos2θ – sin2θ = 0 
 

3cos2θ – 1 = 0 2 – 3sin2θ = 0 

 
tan2θ = 2 
 

cos2θ = 1/3 sin2θ = 2/3 

 

tan θ =± 2   => cos θ = ±
3

1
 

 

cos θ = ±
3

1
 Sin θ = ±

3
2

=±
3
6

=> cos θ = ±
3

1
 

 
(b) 

M1 for using sin 2 2sin cosθ θ θ= , 2 2cos sin 1θ θ+ =  and 1cos
3

φ =
√

  in sin 2r a θ=  to obtain a 

numerical multiple of a for R.  Need not be simplified. 

A1cao     for  22
3

R a=       

         Can be done on a calculator.  Completely correct answer with no working scores 2/2; incorrect 
answer with no working scores 0/2 

 
 



 

Notes for Question 8 continued
(c) 

M1 for using the area formula 2 2 2

0 0

1 1d sin 2 d
2 2

r a
φ φ

θ θ θ=∫ ∫  Limits not needed 

M1 for preparing 2sin 2 dθ θ∫ for integration by using 2cos2 1 2sinx x= −   

M1 for attempting the integration: cos 4θ  to become sin 4θ±  -  the 1
4

 may be missing but 

inclusion of 4 implies differentiation  -   and the constant to become kθ . Limits not needed. 

A1 for  21 1 sin 4
4 4

a θ θ⎡ ⎤= −⎢ ⎥⎣ ⎦
    Limits not needed 

M1dep    for changing their integrated function to an expression in sin  and cosθ θ  and substituting 
limits 0 and φ . Dependent on the second M mark of (c) 

 
M1dep   for a numerical multiple of a2 for the area. Dependent on all previous M marks of (c) 

A1cso   for  21 19arccos 2
36 3

a
⎡ ⎤⎛ ⎞ +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
    * 

This is a given answer, so check carefully that it can be obtained from the previous step in 
their working. 

 
Also:  The final 3 marks can only be awarded if the working is shown ie sin 4θ  cannot be obtained 

by calculator. 
 


